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INTRODUCTION

Astronomers have been fascinated by the motion of planets for ages.
Kepler's rules offer qualitative insights into planetary motion and are based on
meticulous observations. Nonetheless, celestial mechanics owes its
mathematical basis to Newton's theories of motion and universal gravity. The
purpose of this article is to explain Kepler's law proof from the viewpoint of
Newtonian dynamics.

At the beginning of the 17th century, Johannes Kepler developed the
laws of planetary motion, which became fundamental to understanding the
motion of celestial bodies. These principles have been crucial in forming our
knowledge of the solar system and help us comprehend how planets orbit the
Sun in elliptical orbits. Although Kepler's laws were derived from empirical
observations, Isaac Newton's laws of motion and wuniversal gravitation
provided a solid theoretical foundation. This research article examines the
evidence for Kepler's laws from a Newtonian dynamics perspective,
highlighting the harmonious relationship between Kepler's observational
discoveries and Newton's mathematical principles.

LITERATURE REVIEW

The literature on celestial mechanics highlights the integration of
Kepler's empirical laws of planetary motion with Newton's theoretical
framework of dynamics and gravitation. Kepler’s Astronomia Nova (1609) laid
the groundwork with three laws describing elliptical orbits, equal areas swept
in equal times, and the relationship between orbital periods and semi-major
axes. However, these laws lacked a theoretical explanation until Newton's
Philosophiee Naturalis Principia Mathematica (1687), which provided a
mathematical basis for understanding planetary motion through his laws of
motion and universal gravitation.

Key works by Landau, Lifshitz [1], and Arnold [2] rigorously derive
Kepler’s laws using Newtonian mechanics, demonstrating how gravitational
forces dictate planetary motion. Bertrand’s theorem [3] and studies on the
Runge-Lenz vector [4, 5] further explore the stability and symmetry of orbits
under Newton’s laws. Kepler’s second law, explained through the conservation
of angular momentum, and his third law, derived from the gravitational force,
are thoroughly supported by works such as Hill [7], Stiefel, and Scheifele [12].
Recent studies employing Lie group analysis [14, 15, 16] confirm that Kepler's
laws are consistent with modern mathematical approaches to Newtonian
dynamics. In summary, the literature shows that Kepler's laws are not only
observationally valid but also fully
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METHODOLOGY

This research employs mathematical derivations to demonstrate the
validity of Kepler's laws through Newton's laws of motion and universal
gravitation. Key equations and their derivations will be provided to illustrate
the relationships between the forces, motions, and resulting orbital patterns of
celestial bodies.

RESULTS

Kepler's Laws of Planetary Motion

1. First Law (Law of Ellipses): A planet's orbit is an ellipse with the Sun at
one of its foci, according to Kepler's first law. A distinguishing feature of
satellite and planetary motion is this particular elliptical path.

2. Second Law (Law of Equal Areas): The conservation of angular momentum
is described by Kepler's second law, which states that a line segment
connecting a planet and the Sun sweeps out equal areas during equal time
intervals. Not only do artificial satellites orbiting Earth fall under the
purview of this legislation, but planets as well.

3. Third Law (Law of Harmonies): The cube of a planet's average distance
from the Sun and the square of its orbital period are proportionately
related, according to Kepler's third law. This idea applies to artificial
satellites as well as offering important insights into the dynamics of
planetary motion. The sum of the distances from any point on the ellipse to
the two foci stays constant when there is an ellipse with two foci.

Newton's Laws of Motion
Celestial mechanics can be comprehended theoretically thanks to the law
of universal gravity and Newton's three laws of motion:

1. First Law (Law of Inertia): Absent an external force, an object continues to
be at rest or move uniformly. Important information about the inertia of
celestial objects is provided by this law.

2. Second Law (Law of Acceleration): An object's change in momentum
happens in the direction of the applied force and is proportionate to it. This
law contributes to the understanding of why celestial motion is dynamic.

3. Third Law (Action-Reaction Law): There is an equal and opposite reaction
to every action, according to Newton's third law grasp the relationships
between celestial bodies requires a grasp of this idea.

Solution of Kepler's laws
Kepler's First laws

A mass of m orbits a larger body, denoted by M, in an elliptical pattern
with one of the foci being the Sun. The total energy of the system on an elliptical
orbit, where "a" denotes the distance between the masses, is equal to:
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Figure 1. The Total Energy of the System on an Elliptical Orbit

Where an is the radical distance from the sun in a circle, G is the
gravitational constant, V is the velocity, M is the mass of the sun, m is the mass
of the planet, and E is the total energy of the orbit.

As illustrated in Figure 1, the speed of mass m can be decomposed into
two parts: a radial component, written as dr/dt (designated a), and a
perpendicular circular component, denoted as atr, where w = 6" represents the
body's instantaneous angular velocity. The square of the total velocity is equal
to the sum of the squares of these components since they are orthogonal.
Consequently, polar coordinates can be used to formulate the energy equation.

E = %m(a: +a* Ei':)— CMm (1)

i

Similarly, the angular momentum of m can be expressed as :
h = ma*® (2)

The expression af represents the component of v perpendicular to a. To
simplify, substitute p = 1/a, resulting in 8 = Lp?/m. The evaluation of 8 can now
be performed.

h

6 = [ —pdt ©)

h | dt 4

=[ —p* — dp @
m  dp

Bu, _ _1dp ®)
pt dt
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By rearranging Equation (2), it becomes evident that 7 is:

, 2E h* 7)
a-=—+ 26Mp — —p~
m m-
or h* 8
w0 = i 8)
GMm-~
. 2Eal
or 2=1 ©)
GMm

Both 7o and e are constants, chosen to make the resulting expression
immediately recognizable as an ellipse. We may formulate Equation (8) as:

2 (-]

Upon substituting this into Equation (7), we obtain

raf =

1
g = — J- dp
(& - (-2 "
*ql a0 P al
_1
= cos ! eal] (12
a0
After rearranging we found the:
0= al (13)
1 + ecost

This formula shows an ellipse in polar coordinates, where one of the foci
is where the origin is located. In this case, e represents the ellipse's eccentricity
and ao its semi-latus rectum.

Kepler’s Second Law

One of the most important aspects of planetary motion is the idea that
the line that connects the Sun and a planet covers equal areas in similar
amounts of time. Kii's demonstration underscores the broad applicability of the
' sweeping out area' rule, highlighting its universality to motion under any
central force.
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Figure 2. The Area, Da, Swept Out in a Time df by a.

The planet will move by a tiny amount dr in a time interval dt, as seen in
Figure 2. The area of the tiny triangle that this vector forms about the Sun is:

1
dd =—ada sina (14)

In this case, a stands for the angle formed by r and dr, and %2 ab sin C is
the area of a triangle. Using the vector cross-product, this region can be
represented as a (pseudo)vector with a magnitude of dA that is perpendicular
to the triangle's plane.

1
dA =£r:x>(dr:1' (15)

As a result, the pace at which the movement sweeps the area away is
represented below:
da 1 (16)
A=—=-aXa
dt 2
Since the rate at which area is swept out for orbital motion is constant
according to Kepler's second law, A must be zero for the law to be true. Making
distinctions based on time produces since this rate is a constant for orbital
motion according to Kepler's second rule, 4 should be zero if this is the case.s.

EZ%(H'}(H"FEIXE'I'] (17)
An additional distinction in terms of time Yields.

For random motion, the second term is typically not zero and the right
side is zero due to the cross-product of a vector. However, r is in line with I,
which represents the planet's acceleration, which is oriented along the applied
(gravitational) force. Consequently, the second term in this case has to be 0 as
well. As a result, we can say that A4 = 0, suggesting that A4 = 0 is continuous. This
outcome holds for any "central force," defined as one that is oriented along the
line connecting the centers of mass.

Kepler’s Third Law
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The relationship mentioned is called Kepler's third law, and it states that
the square of an orbital period of a planet is proportionate to the cube of its
semi-major axis. With semi-major axis p and semi-minor axis q, the hope area
of an ellipse is found by:

Atot = mpg = mp~ (18)

Since the eccentricity was previously determined using the string
definition of an ellipse, q = p—1 — e2 As seen below about the pace of sweeping
out area, Equation (17) states that:

1 1 h (19)
A=—aXxa=—aXx v=—
2 2 im
In this case, mass m and orbital angular momentum (h) stood for the
planet's orbit around the Sun. The orbital period, T, is the amount of time
needed to completely cover an area. A dot, provided by:

mpgq (20)
=_h :EEH:"ZL—E'
2m h Py
. m? . — 21
T = 2 4rip*y/1— e? @)

Figure 3. Relating a0 to P and e

Before we continue, we need to evaluate the terms h and e in this
statement. This may be shown as follows using Figure 3 and Pythagoras'
theorem, which says that for an ellipse, d + a o = 2a.

(2p — a0)® = 4pZe’ + a0’ (22)

ad = p(1 — &%) (23)

Upon inserting ro from Equation (9), we obtain:
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m”> _ 1 (24)
h?  GMp(1 - e?)

Therefore, we can express Equation (22) as:

47 25
o A 25)
GM

This expression is equivalent to Kepler's third law.

DISCUSSION

Combining Kepler's empirical laws with Newton's dynamic framework
highlights the intricate connection between observation and theory in celestial
mechanics. Kepler’s first law, which states that planets move in elliptical orbits
with the Sun at one focus, is an observational discovery that Newtonian
mechanics explains by showing how gravitational forces result in elliptical
paths. Newton’s law of universal gravitation mathematically confirms that the
gravitational pull between two masses results in such orbits.

Kepler’s second law, the law of equal areas, is elegantly explained
through the conservation of angular momentum, a key aspect of Newtonian
dynamics. The fact that a planet sweeps out equal areas in equal times is a
direct consequence of this conservation, which is inherent in any system
influenced by a central force such as gravity.

Lastly, Kepler’s third law, which relates the orbital period of a planet to
its average distance from the Sun, is derived from Newton’s laws by
considering the balance between the centripetal force due to gravity and the
planet’s inertia. Newton’s equations demonstrate that the cube of a planet’s
semi-major axis is proportional to the square of its orbital period, solidifying the
harmony between empirical observation and theoretical explanation.

This analysis confirms that Newtonian dynamics not only validates
Kepler’s laws but provides deeper insight into the forces at play in the celestial
motions described by Kepler. By integrating observational data with theoretical
principles, this study offers a more robust understanding of planetary motion
under the influence of gravitational forces.

CONCLUSIONS AND RECOMMENDATIONS

The integration of Kepler's laws with Newtonian mechanics enhances
our comprehension of celestial dynamics. Future research should focus on
applying these principles to more complex systems and exploring potential
deviations in non-ideal conditions. Continued study in this field will likely
yield further insights into the underlying principles governing celestial
mechanics

FURTHER STUDY

Future research could explore the implications of Kepler's and Newton's
laws in the context of modern astrophysics, including the behavior of
exoplanets and the dynamics of multi-body systems. Additionally,
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advancements in computational techniques could provide more precise
simulations and analyses of planetary motions
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